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The stabilization of one-dimensional solitons by a nonlinear lattice against the critical collapse in the focusing
quintic medium is a challenging issue. We demonstrate that this purpose can be achieved by combining a
nonlinear lattice and saturation of the quintic nonlinearity. The system supports three species of solitons, namely,
fundamental (even-parity) ones and dipole (odd-parity) modes of on- and off-site-centered types. Very narrow
fundamental solitons are found in an approximate analytical form, and systematic results for very broad unstable
and moderately broad partly stable solitons, including their existence and stability areas, are produced by means
of numerical methods. Stability regions of the solitons are identified by means of systematic simulations. The
stability of all the soliton species obeys the Vakhitov-Kolokolov criterion.
The critical collapse is one of fundamental aspects of
the nonlinear-wave theory. Manifestations of the collapse
play a significant role in various areas of physics, espe-
cially in nonlinear optics and studies of matter waves in
atomic Bose-Einstein condensates. The occurrence of the
critical collapse means that the configuration, governed by
the nonlinear Schro¨dinger equation (NLSE) in dimension
D, with power p of the nonlinear term, develops a singu-
larity after a finite evolution time, if D and p are subject
to relation (p− 1)D = 4 (the Talanov criterion), and the
norm of the input exceeds a particular finite critical value,
Ncr (at larger p, the collapse is supercritical, i.e.,Ncr = 0).
In particular, the critical dimension is D = 2 for the usual
self-focusing cubic nonlinearity (p = 3), and D = 1 for
the quintic case (p = 5). These NLSEs create soliton fam-
ilies which are degenerate, in the sense that their norm
takes the single value, exactly equal to Ncr. However, all
these solitons are destabilized by the critical collapse. Ac-
cordingly, a problem of great importance is stabilization
of solitons in this class of NLSEs. In particular, a known
universal tool for the stabilization is provided by poten-
tial lattices, i.e., spatially periodic linear potentials. More
recently, attention was drawn to nonlinear lattices, which
are induced by spatially periodic modulations of the local
nonlinearity strength. However, the use of nonlinear lat-
tices for the stabilization of solitons turns out to be a chal-
lenging issue, as, for instance, the quintic nonlinear lattice
in one dimension provides for stability of the solitons in a
very narrow parameter region. In this work, we demon-
strate that efficient stabilization, not only of spatially sym-
metric fundamental solitons, but also of excited states in
the form of localized antisymmetric (dipole) modes, is pro-
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vided by a combination of the lattice modulating the quin-
tic term and saturation of the quintic nonlinearity. Actu-
ally, two different species of the dipole solitons are found,
which differ by the location of their center with respect
to the nonlinear lattice (on- and off-site-centered solitons).
The most essential result of the analysis is complete identi-
fication of stability areas for all the soliton species, which is
done by means of numerical and analytical methods (the
latter one is based on the well-known Vakhitov-Kolokolov
criterion, which is a necessary, but not sufficient, condition
for the stability of solitons in self-focusing media).
I. INTRODUCTION
Although the possibility of the self-trapping of two- and
three-dimensional (2D and 3D) optical solitons was first pre-
dicted half a century ago [1–3], the creation of such multi-
dimensional localized modes remains a challenging topic [4–
6]. In particular, a major problem is the fact that the 2D and
3D solitons in media with the generic Kerr (cubic) nonlinear-
ity are vulnerable to instability against the critical and super-
critical collapse, respectively [7–9]. As a result, multidimen-
sional solitons are not routinely observed in experiments, ex-
cept for spatial [10] and spatiotemporal [11] quasi-2D beams
and pulses in waveguides with the quadratic nonlinearity, and
spatial 2D solitons in bulk media with a competing nonlinear
response of cubic-quintic [12] and quintic-septimal [13] types.
Very recently, the creation of 3D matter-wave solitons in the
form of “quantum droplets”, stabilized by the Lee-Huang-
Yang corrections to the mean-field approximation [14]-[16],
has been reported in Bose-Einstein condensates (BECs) with
long-range dipole-dipole interactions [17]-[19], as well as in
binary condensates with local attraction between the compo-
nents [20]-[22].
Diverse strategies have been theoretically elaborated to sta-
bilize solitons in 2D and 3D geometries [23]. A versatile
2stabilization mechanism relies on the use of periodic (lattice)
potentials, which allow one to predict not only robust multidi-
mensional fundamental solitons, but also ones with embedded
vorticity (alias solitary vortices) [24, 25]. Available experi-
mental techniques make it possible to readily create potential
lattices in optical media and in BECs, in the form of photonic
crystals [26] and optical lattices [5, 27, 28], respectively.
Recently, this technique was extended (still, chiefly in the
theoretical form) to the use of nonlinear lattices (NLs), i.e.,
periodic modulations of the local nonlinearity strength, as
well as their combinations with linear-lattice potentials [5].
NLs can be realized in optics and BECs by means of diverse
techniques, e.g., filling voids of photonic crystals with index-
matching materials [5], or subjecting BEC to the action of the
Feshbach resonance controlled by a spatially periodic field
[29, 30]. In 1D settings, NLs have been used to predict sta-
ble single-hump solitons and various soliton complexes, both
single- and two-component ones [31–36]. In the 2D geom-
etry, stable solitons, including fundamental, dipole, and vor-
tex modes, may only be supported by NLs with sharp edges,
such as a period array of cylinders [37]. Stable solitons sup-
ported by NLs with competing nonlinearities [38] and com-
bined linear-nonlinear lattices [39–42], have been predicted
too.
Similar to the challenging problem of stabilizing 2D soli-
tons in focusing Kerr media, the occurrence of the critical col-
lapse makes the stabilization of 1D solitons in self-focusing
quintic media a nontrivial problem too [43–45]. This attrac-
tive quintic nonlinearity is physically relevant, as it was pre-
dicted [46] and experimentally demonstrated [47] that it may
be realized as a super-Tonks-Girardeau gas (a gas of hard-core
bosons in a strongly excited state). On the other hand, the
quintic self-focusing in a nearly “pure” form can be experi-
mentally realized for the light propagation in colloidal waveg-
uides with suspensions of metallic nanoparticles [48].
Periodic lattices acting on the quintic-only self-focusing
in 1D cannot readily stabilize solitons, similar to the above-
mentioned situation with the 2D NLs applied to the cubic
self-focusing. As demonstrated in Ref. [38], in this case the
stabilization is possible in a very narrow region of the soli-
tons’ existence area. In this work, we address the existence
and stability of 1D solitons under the action of a NL in a sat-
urable self-focusing quintic medium. Numerical analysis of
the model gives rise to two species of solitons, fundamental
and dipole ones (with even and odd shapes, respectively). In
particular, the saturation makes the stability region of the soli-
tons much broader than it was provided by the NL acting on
the unsaturated quintic term [38].
The model is formulated in Section II. The same section
also reports some approximate analytical results for narrow
fundamental solitons. Systematic numerical findings for very
broad (unstable) and moderately broad (partly stable) funda-
mental solitons, as well as for two types of dipole modes, on-
and off-center-cited ones, are presented in Section III. The pa-
per is concluded by Section IV.
II. THE MODEL AND ANALYTICAL APPROXIMATIONS
We consider the propagation of light beams in a planar
waveguide governed by the nonlinear Schro¨dinger equation
for the field amplitude, ψ(x, z):
iψz = −1
2
∂2xψ − g cos(2x)
|ψ|4ψ
1 + S|ψ|4 , (1)
where S > 0 determines the saturation of the quintic nonlin-
earity, and g > 0 is the strength of the NL, whose period is
fixed by scaling to be pi. Although the model seems quite spe-
cific, it may be realized as a solid-phase sol (similar to “cran-
berry glass”) with a periodic modulation of parameters of the
dispersed nanoparticles. In this case, the variation of the pa-
rameters, such as the concentration of the nanoparticles and
their size, may change the sign of the nonlinearity [48, 49],
which also features saturation. In fact, a broader class of mod-
els similar to the one based on Eq. (1) will produce results
similar to those reported below. The nonlinearity is consid-
ered here as self-focusing because we consider solitons with
centers placed at x = 0, around which the sign indeed corre-
sponds to focusing.
We aim to find stationary solutions of Eq. (1) with prop-
agation constant b, as ψ(x, z) = φ(x) exp(ibz), where real
stationary field φ(x) is determined by the equation
bφ =
1
2
d2φ
dx2
+ g cos(2x)
φ5
1 + S|φ|4 . (2)
Solitons produced by Eq. (2) are characterized by the total
power (alias norm),
P =
∫ +∞
−∞
φ2(x)dx. (3)
In the case of small S, when the saturation is negligible,
the present model is tantamount to the one considered in Ref.
[38], where the above-mentioned narrow stability region for
bright solitons was found in a numerical form. On the other
hand, for narrow solitons in the present model, with width
w ≪ pi/4 (4)
and centered at x = 0, one may replace cos(2x) by 1 in Eq.
(2). In this case, it is easy to integrate the stationary equation
to obtain
bφ2 =
1
2
(
dφ
dx
)2
+
g
S
[
φ2 − 1√
S
arctan
(√
Sφ2
)]
. (5)
It immediately follows from Eq. (5) that the narrow solitons
exist in the interval of
0 < b < bmax ≡ g/S. (6)
Close to the largest possible propagation constant, viz., at 0 <
δb ≡ bmax − b ≪ bmax, it follows from Eq. (6) that the
soliton’s peak power grows as
φ2 (x = 0) ≈
(
pi/2S3/2
)
(δb)−1 , (7)
3while its width remains finite, w ∼ 1/√2bmax ≡
√
S/ (2g),
hence the total power (3) diverges at δb→ 0 as
P ∼ (S√gδb)−1 . (8)
Lastly, the above-mentioned condition, w ≪ pi/4, which al-
lows one to replace cos (2x) by 1, amounts to S ≪ g.
Under more restrictive conditions, 1 ≪ δb ≪ bmax (rather
than simply δb/bmax → 0, as considered above), Eq. (2) gives
rise to an explicit approximate solution in the form of a com-
pacton [50]:
φ(x) =
√
pig
4S3/2δb


cos
(√
2δbx
)
, at |x| < pi/
(
2
√
2δb
)
,
0, at |x| > pi/
(
2
√
2δb
)
,
(9)
with integral power
P =
pi2g
4 (2Sδb)3/2
. (10)
Note that both dependences P (b) given by Eqs. (8) and (10)
satisfy the Vakhitov-Kolokolov (VK) criterion [51], dP/db >
0, which is a well-known necessary (but, generally speaking,
not sufficient) stability condition for any soliton family sup-
ported by self-focusing nonlinearity.
III. NUMERICAL RESULTS
A. Fundamental solitons
In the numerical form, soliton solutions to Eq. (2), both
fundamental (spatially even) and dipole (odd) ones, were pro-
duced bymeans of the Newton-Raphson iteration method, that
provides fast convergence with a properly selected input. The
stability of the solitons was then tested bymeans of direct sim-
ulations of their perturbed evolution in the framework of Eq.
(1), using the finite-difference method.
An example of a stable narrow soliton supported by the sat-
urable quintic NL is shown in Fig. 1(a). The soliton com-
pletely localizes itself within a single cell of the NL, resem-
bling a similar soliton found in the unsaturated quintic NL
model [38], i.e., its width w indeed satisfies condition (4). As
predicted above, the stability region of the narrow solitons,
displayed in Fig. 1(b), is close enough to the largest possible
propagation constant bmax ≡ g/S, where the soliton’s power
may be very large, according to Eq. (8). This result is dras-
tically different from the situation in the unsaturated model,
where the power of stable solitons is restricted to small values
[38]. Because the NL does not essentially affects the structure
and stability of the narrow solitons, the main objective of this
work is, instead, to focus on the consideration of broader lo-
calized states, whose width is comparable to or larger than the
period of the NL.
Figures 2(a,c) and (b,d) demonstrate, respectively, that the
NL supports both very broad unstable fundamental solitons,
which spread over several NL periods, and stable moderately
0 50 100
20
40
60
80
100
b
P
0 0.5 1
1.9
2
2.1
−10 0 100
2
4
6
8
x
P
Stable
Solitons
(a) (b)
FIG. 1. (Color online) (a) A typical shape of a stable narrow soli-
ton. (b) Total power P of the narrow solitons vs. their propagation
constant b, for nonlinear strength g = 1 and saturation S = 0.01
in Eq. (1). The soliton displayed in (a) corresponds to the bold dot
in (b). Shaded regions in (a), as well as in Figs. 2(a,b) and 5 below
correspond to maxima of the local nonlinearity. In panel (b), as well
in Figs. 3, 4, 7, and 8 below, the stability region is shaded. The inset
in (b) and the ones in Figs. 3 and 7 below show curve P (b) at small
values of b.
broad ones, which are trapped, essentially, in a single self-
focusing stripe. Nevertheless, the latter type is clearly dif-
ferent from the narrow solitons displayed above in Fig. 1.
It is relevant to mention that the stability of the solitons was
tested by direct simulations run in a sufficiently large domain,
with the Neumann boundary conditions [see Figs. 2(c,d) and
Fig. 6 below]. Although radiation emitted by unstable soli-
tons may partly bounce back from the boundaries, the size of
the integration domain is large enough to make it sure that
the instability of the solitons, if any, is driven by their internal
dynamics, rather than by perturbations induced by reflected
radiation waves.
The difference between the very broad and moderately
broad solitons is natural, taking into account the above-
mentioned general fact that NLs may stabilize solitons under
the action of the critical nonlinearity (cubic and quintic in the
2D and 1D settings, respectively), provided that the modula-
tion profile is sharp enough: this condition holds for the mod-
erately broad solitons, while very broad ones feel the action of
the underlying lattice in an averaged, i.e., effectively smooth
form [38].
The results are summarized in Fig. 3, by dint of plots show-
ing dependence P (b) for the numerically generated families
of the fundamental solitons. In the same figure, stability re-
gions of the fundamental solitons are shown too, showing that
the stability agrees with the VK criterion, as stable solitons
always obey condition dP/db > 0. In addition, comparison
of Figs. 3(a) and (b), whose stability regions are, respectively,
b ∈ [0.38, 2.95] and b ∈ [0.146, 1.12], shows that the increase
of saturation S leads to decrease of the stability threshold, and
the corresponding cutoff, bmax, rapidly decreases too, simi-
larly to what is predicted for narrow solitons by Eq. (6). By
increasing the nonlinearity strength g, while keeping S fixed,
the stability region broadens, as seen from the comparison of
Figs. 3(a,c) and (b, d). A noteworthy feature of the present
model is that, once powerP or propagation constant b become
4FIG. 2. (Color online) Typical shapes of unstable (a) and stable (b)
fundamental solitons. Their perturbed evolution is displayed in pan-
els (c) and (d), respectively. The propagation constant is b = 0.25 in
(a) and 2.5 in (b), the saturation and NL strength being S = 0.2 and
g = 1 in both cases.
large enough to support stable solitons, e.g., one reaches the
corresponding stability threshold, b = bmin [which is, for in-
stance, 0.38 in Fig. 3(a)], the fundamental solitons remain
stable up to arbitrarily large values of P , i.e., up to the cutoff
propagation constant, b = bmax, at which P diverges. This
feature is a natural consequence of the nonlinearity saturation
in Eq. (1). The value of P diverges too at b → 0, as seen
from the inside subplot for P (b) relation in Fig. 3 (and the
following Fig. 6). The explanation is that, the corresponding
soliton’s amplitude decreases at b → 0, the soliton quickly
broadens, while the amplitude decreases at a smaller rate.
The results are further collected in Fig. 4, which shows
stability areas for the fundamental solitons in the planes of
(S, b) and (g, b). In particular, the trend to the decrease of
the stability threshold, bmin, with the increase of S, observed
in Figs. 4(a,c,e), is quite natural, as larger values of S make
smaller amplitudes sufficient for affecting the existence and
stability of the solitons through the saturation of the nonlin-
earity. On the other hand, the same figures demonstrate that
the entire stability areas shrinks with the increase of S (the
same conclusion follows from the comparison of the stability
areas displayed in Figs. 4(b,d,f) for different fixed values of
S).
Comparing Figs. 4(b,d,f), one can see that the stability area
for the fundamental solitons shrinks at both very small and
very large values of nonlinearity strength g. Further, reducing
S leads to an increase of possible stable region, as can be seen
from the planes of (g, b) in the right column [Fig. 4(b,d,f)].
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FIG. 3. (Color online) Soliton power P vs. propagation constant b
for different values of nonlinearity strength g and saturation S. (a):
g = 1, S = 0.2; (b): g = 1, S = 0.4; (c): g = 2, S = 0.2; (d):
g = 2, S = 0.4. The solitons are stable in the shaded regions. Points
A and B in (a) correspond to the stable and unstable fundamental
solitons displayed in Figs. 2(a) and (b), respectively.
B. Dipole solitons
Besides the fundamental solitons, the NL in the present
model also supports two species of localized dipole states,
with the spacing between local power maxima pi and 2pi,
which correspond to the single and double lattice period, sev-
erally, see examples in Fig. 5 and 6. We call these soliton
modes the off-site-centered and on-site-centered dipole ones,
respectively. By means of the systematic simulations, we have
verified that all dipole modes are unstable (or do not exist)
both in the case of the saturable quintic nonlinearity without
the NL [with cos(2x) replaced by 1 in Eq. (1)], and in the
presence of the NL without the saturation (S = 0), while sta-
bilization can be readily achieved in the present model, which
combines the NL and saturation. Similarly to the fundamental
solitons, the power peaks of unstable dipole modes, of both
off- and on-site-centered types, expand across several cells of
the lattice, while the stable ones are nested in a single well, as
seen in Figs. 5 and 6.
Dependences P (b) and respective stability regions for the
dipole solitons are displayed in Fig. 7, and findings for the
stability are summarized in Fig. 8, which displays stability
areas in the (S, b) and (g, b) parameter planes, cf. similar dia-
grams for the fundamental solitons presented above in Fig. 3.
The first noteworthy conclusion is that the cutoff value of the
propagation constant, bmax, above which the stationary solu-
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FIG. 4. (Color online) Stability areas (shaded) for the fundamental
solitons in the (S, b) plane for different fixed values of the nonlinear-
ity strength: g = 2 (a), g = 1 (c), g = 0.5 (e), and in the (g, b) plane
for different values of the saturation parameter: S = 1 (b), S = 0.5
(d), S = 0.25 (f). The fundamental solitons are unstable below bot-
tom boundaries of the shaded areas, and solitons do not exist above
the top boundaries.
tions do not exist, is precisely the same for the dipoles of both
the off- and on-site-centered types and, in fact, it is identical
to bmax which was found above for the fundamental solitons,
cf. Figs. 3 and 4. This conclusion is explained by the fact that
the divergence of P at b = bmax is the property of the funda-
mental localized modes, including those of which the dipoles
are built as bound states.
It is seen that, as in the case of the fundamental solitons
(cf. Fig. 4), the increase of saturation S leads to the decrease
of essential values of b, the effect of the variation of g on the
stability being also similar to what was shown above for the
fundamental solitons.
On the other hand, Figs. 7 and 8 clearly show that the sta-
bility threshold (i.e., the bottom boundaries of the stability ar-
eas in Fig. 8) are much lower for the on-site-centered dipole
solitons than for their off-site-centered counterparts, which is
explained by the fact that the modes of the latter type are eas-
ier destabilized by the stronger interaction between the two
power peaks, which are separated by a smaller distance.
Finally, the comparison of Figs. 4 and 8 demonstrates that
the dependence of the stability areas of the dipoles of both
types on the saturation and nonlinearity coefficients, S and g,
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FIG. 5. (Color online) Examples of dipole solitons, found in the
model with g = 2 and S = 0.2: unstable (a) and stable (b) ones with
spacing pi between two peaks; unstable (c) and stable (d) ones with
spacing 2pi. The propagation constant is b = 0.3 in (a) and (c), and
b = 6.8 in (b) and (d).
FIG. 6. (Color online) The perturbed evolution of the dipole solitons
whose stationary shape is displayed in Fig. 5.
is qualitatively similar to that for fundamental solitons. This
conclusion is quite natural too, as the effect of these parame-
ters on the stability is not essentially different for the solitons
of different types.
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FIG. 7. (Color online) Power P vs. propagation constant b for the
off-site- (a,b) and on-site- (c,d) centered dipole solitons, respectively.
The saturation coefficient is S = 0.2 in (a,c), and S = 0.4 in (b,d),
while g = 2 is fixed in all the cases. The dipole solitons are stable in
shaded regions. Points (C,D) in (a) correspond to the dipole modes
displayed in Figs. 5(a) and 5(b), respectively, while points (E,F) in
(c) correspond to Figs. 5(c) and 5(d).
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FIG. 8. (Color online) Stability areas for dipole solitons of the off-
site-centered (a,c) and on-site-centered (b,d) types. Panels (a,b) dis-
play the stability in the (S, b) plane at fixed g = 2, while (c,d) show
it in the (g, b) plane at S = 0.5.
IV. CONCLUSION
In this work, we have investigated a possible way to stabi-
lize three types of bright solitons, viz., the fundamental ones
and dipoles with on- and off-site-centered structure, against
the critical quasi-collapse in the 1D medium with the focus-
ing saturable quintic nonlinearity by embedding the NL (non-
linear lattice) into it. The stabilization is provided by the in-
terplay between the NL and nonlinearity saturation. For very
narrow fundamental solitons, approximate analytical results
were reported, while the systematic analysis for very broad
unstable solitons and moderately broad partly stable ones was
performed by means of numerical methods. In particular, it
was found that the stability region is much broader for the
on-site-centered dipole modes than for their off-site-centered
counterparts. The stability of both the fundamental solitons
and both types of the dipoles conforms to the VK (Vakhitov-
Kolokolov) criterion. The predicted self-trapped states may
be realized in nonlinear optical waveguides built of solid col-
loidal materials with metallic nanoparticles.
As an extension of the present analysis, it may be interest-
ing to study possible mobility of solitons in this and similar
models.
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